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Origin of chaos in 3-d Bohmian trajectories
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Abstract
We study the 3-d Bohmian trajectories of a quantum system of three harmonic oscillators. We focus on the mechanism
responsible for the generation of chaotic trajectories. We demonstrate the existence of a 3-d analogue of the mechanism
found in earlier studies of 2-d systems [1, 2], based on moving 2-d ‘nodal point - X-point complexes’. In the 3-d case,
we observe a foliation of nodal point - X-point complexes, forming a ‘3-d structure of nodal and X-points’. Chaos is
generated when the Bohmian trajectories are scattered at one or more close encounters with such a structure.
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1. Introduction
The Bohmian picture of quantum mechanics [3, 4] has
attracted the attention of many researchers in the last two
decades, due not only to its potential theoretical interest
[5, 6], but also to its wide spectrum of applications in the
fields of atomic and molecular physics, nanoelectronics,
light-matter interaction etc (see [7, 8]). In the Bohmian
picture, besides the evolution of the particle wavefunction,
governed by the Schro¨dinger equation
[
− h¯
2
2m
∇2 + V
]
Ψ(~x, t) = ih¯
∂Ψ(~x, t)
∂t
, (1)
we consider also particle trajectories governed by the ‘guid-
ance’ equation
m
d~x
dt
= h¯ℑ
(∇Ψ(~x, t)
Ψ(~x, t)
)
. (2)
In the Bohmian interpretation, these trajectories acquire
‘ontological’ significance as part of the physical reality of
microscopic systems. However, the Bohmian trajectories
can also be viewed as tracers of the quantum probability
flow, a fact allowing to regard the Bohmian picture as a
trajectory-based approach for studying the time evolution
of quantum processes also in the framework of the conven-
tional interpretation of quantum mechanics (see [9] ).
An important topic in Bohmian mechanics is the emer-
gence of chaos and the role played by chaotic Bohmian
trajectories. It has been suggested that Bohmian chaos is
relevant in the interpretation of a variety of quantum phe-
momena. Examples are: i) the precision limits of hydrody-
namical solvers of Schro¨dinger’s equation (e.g. [8, 10, 11]),
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and ii) ‘quantum relaxation’, i.e., the possibility to assign
a dynamical origin to Born’s rule for the quantum proba-
bilities [12]. More examples are dicussed in [7].
The mechanism of generation of chaos is thought to be
well understood in 2-d quantum systems [1, 2, 13, 14, 15,
16, 17, 18, 19, 20, 21]. However, only few works exist in
the 3-d or higher dimensional cases, due to the far higher
complexity of the problem [16, 22, 23, 24].
In this letter we study an example of 3-d quantum sys-
tem, aiming to investigate the origin of chaos and the dy-
namical properties of 3-d chaotic Bohmian trajectories.
The Hamiltonian consists of three harmonic oscillators
H =
3∑
k=1
( p2k
2m
+
1
2
mkω
2
kx
2
k
)
. (3)
As exemplified in section 2 below, the quantum states of
the system (3) typically exhibit both regular and chaotic
Bohmian trajectories. Focusing on the latter, in our study
below we extend the results found in corresponding 2-d
cases, which in summary are the following:
1. In the vicinity of the nodal points (i.e. the points in
configuration space where the wavefunction becomes null
Ψ = 0) we observe, in general, the formation of quantum
vortices. A vortex around a nodal point is visualized by
drawing the 2-d vector field of the probability flow in a
system of reference co-moving with the nodal point.
2. Near every nodal point, we can prove the existence
of a second critical point of the flow in the comoving frame.
This second point is always hyperbolic, and it was called
the X-point in refs. [1, 2]. The chaotic behavior of the
trajectories is due to the cumulative effect of their repeated
close encounters with the X-points (while, as noted already
in [3, 4], the trajectories avoid, in general, coming close to
the corresponding moving nodal points). In particular, the
‘stretching number’ (i.e. the local Lyapunov exponent) of
a trajectory undegoes a positive kick at every such close
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encounter. The above mechanism of chaos is generic for
2-d systems, in the sense that its existence is guaranteed
by a local analysis of the quantum flow near every nodal
point generated by an arbitrary 2-d wavefunction [2].
3. The 2-d structure formed by a nodal point and its
associated X-point, as well as the latter’s stable and un-
stable manifolds and all nearby streamlines of the quan-
tum probability flow, is called a ‘nodal point - X-point
complex’. A demonstrated in [2], the nodal point-X-point
structure of the quantum flow is generic close to moving
nodal points, i.e. this structure necessarily appears in the
frame of reference comoving with any nodal point. On the
other hand, we may have different topologies appearing
close to fixed nodal points, which however, cannot lead to
chaos.
In the present letter, we show that these results can be
extended to the 3-d case.
An important early work in the 3-d case was provided
by Falsaperla and Fonte [23], who made a careful analysis
of the quantum flow, based on a leading order expansion
of the Bohmian equations of motion around nodal points.
These authors found that: i) the streamlines of the quan-
tum flow lie locally on planes orthogonal to a “nodal line”,
i.e. a line formed in the 3-d configuration space by contin-
uously joining the nodal points of the solutions of Ψ = 0
for a given time. ii) The local form of the streamlines
is spiral and the union of all these spirals surrounds the
nodal line forming a “cylindrical structure”. This struc-
ture influences the form of the trajectories close to nodal
lines. However, according to [23], the dynamical behavior
of the trajectories close to the nodal points appears “regu-
lar”, while chaos is attributed to an “intermittent” “switch
back and forth” from the vicinity of one nodal line to that
of another nodal line.
Here we demonstrate that, similarly to the 2-d case, in
each of the orthogonal planes discussed already in [23], the
structure of the quantum flow is such as to form, besides
the nodal point, also an X-point, and hence, a complete 2-
d nodal point X-point complex. We compute numerically
several such complexes for various times and in various lo-
cations of the 3-d configuration space and establish that
their topological structure is similar to those established
in the 2-d case. However, in the 3-d case, the ensemble of
all the orthogonal planes forms a foliation. Then, besides
joining the nodal points along this foliation, thus forming
a ‘nodal line’, we can also join the X-points, thus form-
ing an ‘X-line’. The whole geometrical structure of the
quantum flow formed in this way is hereafter called a ‘3-d
structure of nodal and X-points’. This structure extends
the “cylindrical structure” observed in [23], by adding the
X-points to it. This extension is crucial for understanding
the generation of chaos. Namely, chaos is produced by the
repeated scatterings of the Bohmian trajectories with the
X-points along the 3-d structure of nodal and X-points.
In fact, this mechanism implies that chaotic trajectories
in 3-d systems can exist even when only one such struc-
ture is present for every time, i.e., one does not need the
intermittent jumps between more than one such structure,
that were conjectured in [23]. On the other hand, we leave
open the question of how general our presently proposed
chaos mechanism is.
In section 2, we consider a basic 3-d quantum state of
the Hamiltonian (3) in which the orthogonal relation be-
tween the quantum flow and the nodal lines is exact. This
model serves to establish the basic features of the chaos
mechanism and to show the ‘3-d structure of nodal and
X-points’. Yet, this model is not generic since Bohmian
trajectories cannot exhibit any motion in the direction nor-
mal to the orthogonal planes, i.e. along the 3-d structure
of nodal and X-points. However, in section 3 we perturb
our previous state in a way so as to secure the occurrence
of genuinely 3-d chaotic diffusion. Finally, section 4 sum-
marizes the conclusions of our present study.
2. Basic Model
Equations of motion: In the Hamiltonian (3) we stud-
ied the Bohmian trajectories in several cases of wavefunc-
tions of the form
Ψ(~x, t) =
3∑
i=1
aie
− i
h¯
EitΨi(~x),
3∑
i=1
|ai|2 = 1 (4)
where Ψi(~x), i = 1..3 are eigenstates of the form
Ψ(~x) =
3∏
k=1
(
mkωk
h¯pi
) 1
4
exp
(
−mkωkx2k
2h¯
)
√
2nknk!
Hnk
(√mkωk
h¯
xk
)
,
(5)
where mk are the masses, ωk the frequencies of the oscil-
lators and Hnk are the Hermite polynomials of order nk.
The energy of the eigenstate (5) is E =
∑3
k=1(nk+
1
2 )h¯ωk.
We work in units in which m1 = m2 = m3 = h¯ = 1, while
we set ω1 = 1, ω2 =
√
2, ω3 =
√
3.
We computed trajectories in several examples of wave-
functions of the form (4), and we typically found both
ordered and chaotic Bohmian trajectories. In the sequel,
we focus on one particular of these examples, namely
Ψ(~x, t) =
Ψ1,0,0(~x, t) + Ψ0,1,0(~x, t) + Ψ0,0,1(~x, t)√
3
. (6)
The wavefunction (6) turns to be convenient in our
analysis below due to the following property: The Bohmian
equations of motion, derived from Eq.(2) are:
x˙i =
1
G
3∑
j=1
i6=j
√
(ωjωi) sin(ωjit)xj , (7)
where G =
∑3
i=1
(∑3
j=1
j 6=i
(√
ωiωj cos(ωijt)xixj + ω
2
i x
2
i
))
and ωij = ωi − ωj .
2
From Eqs. (7) we derive that
∑3
i=1 xix˙i = 0. Therefore
all the Bohmian trajectories lie on spherical surfaces
3∑
i=1
x2i = R
2 (8)
with R determined from the initial conditions.
Nodal point-X-point complexes: The nodal points are
the solutions, for (x1, x2, x3), of the system of equations
Re(Ψ(x1, x2, x3, t)) = 0, Im(Ψ(x1, x2, x3, t)) = 0. (9)
Since (9) is a system of 2 equations for 3 variables, the so-
lutions lie, in general, along curves in the 3-d space. In our
particular case any solution x1 = x1nod, x2 = x2nod, x3 =
x3nod of (9) satisfies the relation
√
ω1x1nod
sin(ω32t)
=
√
ω2x2nod
sin(ω13t)
=
√
ω3x3nod
sin(ω21t)
= C. (10)
Consequently the nodal points all lie along straight lines
in 3-d space passing through the origin (0, 0, 0), whose in-
clination changes with the time t.
Consider, now, the intersection of such a line with the
surface of the sphere of fixed radius R. The point of in-
tersection is a nodal point describing a trajectory on the
sphere. Due to Eq.(10) we have
√
ω2ω3 sin (ω32t)x˙1nod +√
ω1ω3 sin (ω13t)x˙2nod +
√
ω1ω2 sin (ω21t)x˙3nod = 0. Thus,
the velocity of the nodal point is perpendicular to the cor-
responding nodal line. Figure 1a shows the trajectory of
the nodal point on the surface R = 4.23 from t = 1 (blue
point) up to t = 250. This trajectory passes several times
through some convergence points, near which the velocity
and acceleration of the nodal point increases considerably
(Fig. 1b).
(a) (b)
Figure 1: (a) The trajectory of a nodal point starting at a distance
4.23 from (0,0,0) for t = 1 (blue point) up to t = 250. This trajectory
is on the surface of a sphere (strong red lines on the foreground and
weaker lines on the background of the sphere). (b) The velocity (blue
curve) and the acceleration (red curve) of a nodal point as functions
of time. Both increase abruptly near a convergence point at t ≃ 8.5.
We will now examine the structure of the quantum
flow in a moving plane tangent to the sphere of fixed ra-
dius R (like the one of Fig. 1a), at a point coinciding with
the instantaneous position of the nodal point on the same
sphere at any time t (this plane coincides with the plane
‘orthogonal to the nodal line’ defined in [23]). To this
end, we define a non-inertial frame of reference (x′1, x
′
2, x
′
3)
whose x′3-axis coincides, at any time t, with the corre-
sponding nodal line of Eq. (10). The change of coordinates
(x1, x2, x3) → (x′1, x′2, x′3) is realized via the transforma-
tion
~x′ = S~x, ~˙ ′x = S~˙x, (11)
where S(t) =
(
sinφ(t) − cosφ(t) 0
cos θ(t) cosφ(t) cos θ(t) sinφ(t) − sin θ(t)
sin θ(t) cosφ(t) sin θ(t) sinφ(t) cos θ(t)
)
, with
cos θ(t) = x3nod(t;R)√∑3
i=1 xinod(t;R)
2
and tanφ(t) = x2nod(t;R)
x1nod(t;R)
, θ ∈
[0, π] and φ ∈ [0, 2π). Setting ~U = (u, v, w), where u =
x1− x1nod(t), v = x2− x2nod(t), w = x3 − x3nod(t), A(t) =(
0 −√ω1ω2 sin(ω12t) −√ω1ω3 sin(ω13t)√
ω1ω2 sin(ω12t) 0 −√ω2ω3 sin(ω23t)√
ω1ω3 sin(ω13t)
√
ω2ω3 sin(ω23t) 0
)
and using
(10), Eqs. (7) take the form
~˙U ′ = S(t) ~˙U =
1
G
S(t)A(t)S−1(t)~U ′ − S(t)~˙xnod. (12)
Consequently(
u˙′
v˙′
w˙′
)
=
(
f1(u
′,v′,w′,t)
f2(u
′,v′,w′,t)
f3(u
′,v′,w′,t)
)
=
1
G
S(t)A(t)S−1(t)
(
u′
v′
w′
)
− S(t)
(
x˙1nod(t;R)
x˙2nod(t;R)
x˙3nod(t;R)
)
(13)
and G takes the form G = u′2Φ1 + u′v′Φ2 + v′2Φ3 with
Φ1 = −√ω1ω2 cos(ω12t) sin 2φ(t) + ω1 sin2 φ(t)
+ ω2 cos
2 φ(t),
Φ2 = 2
√
ω2ω3 cos(ω23t) cosφ(t) sin θ(t)
− 2√ω1ω3 cos(ω13t) sinφ(t) sin θ(t)
+ 2
√
ω1ω2 cos(ω12t)(− cos θ(t) cos2 φ(t)
+ cos θ(t) sin2 φ(t)) + cos θ(t) sin 2φ(t)(ω1 − ω2),
Φ3 = −√ω2ω3 cos(ω23t) sin 2θ(t) sinφ(t)
−√ω1ω3 cos(ω13t) sin 2θ(t) cosφ(t)
+
√
ω1ω2 cos(ω12t) cos
2 θ(t) sin 2φ(t)
+ ω1 cos
2 θ cos2 φ(t) + ω2 cos
2 θ(t) sin2 φ(t) + ω3 sin
2 θ(t).
The equations (13) are subject to the constrain (8) ex-
pressed in the new variables (u′, v′, w′). Thus, only two
out of these three variables are independent. Also, up to
terms of second order in u′/R or v′/R, the constrain (8)
yields w′ = w˙′ ≃ 0. Then the first and second equations
of the system (13) approximately become:
(
u˙′
v˙′
)
≃
(
F1(u
′,v′,t)
F2(u
′,v′,t)
)
=
1
G
(
0 B(t)
−B(t) 0
)(
u′
v′
)
−
(
Vu(t)
Vv(t)
)
(14)
where B(t) = − cos θ(t)√ω1ω2 sin(ω12t)
+ sin θ(t) sinφ(t)
√
ω1ω3 sin(ω13t)
− sin θ(t) cosφ(t)√ω2ω3 sin(ω23t),
Vu = x˙
′
1nod = sinφ(t)x˙1nod − cosφ(t)x˙2nod
Vv = x˙
′
2nod = cos θ(t) cosφ(t)x˙1nod + cos θ(t) sinφ(t)x˙2nod
− sin θ(t)x˙3nod
3
and x˙1nod, x˙2nod, x˙3nod are functions of time found with
the help of Eqs.(10).
The key remark is that Eqs.(14) are of the same form as
the equations (4) of Ref.[2]. Thus, the analysis of the local
structure of the quantum flow of Ref. [2] can be transferred
to the present example as well.
In particular: near every nodal point there exists a
second type of critical point of the flow, where u˙′ = v˙′ =
w˙′ = 0. In the approximation of Eqs.(14), we have w′ = 0,
so we can obtain an approximate solution u′ = u′X , v
′ = v′X
with F1(u
′
X , v
′
X) = F2(u
′
X , v
′
X) = 0, namely
1
G
B(t)v′X − Vu(t) = −
1
G
B(t)u′X − Vv(t) = 0 (15)
From the above equations we get v′X = −Vu(t)Vv(t)u′X , u′X =
− B(t)
Vv(t)
(
Φ1−Vu(t)Vv(t)Φ2+
Vu(t)2
Vv(t)2
Φ3
) and w′X = 0. As in [2], we
define the Jacobian Matrix at (u′X , v
′
X).
J =


∂F1
∂u′
∂F1
∂v′
∂F2
∂u′
∂F2
∂v′


∣∣∣∣∣
(u′=u′
X
,v′=v′
X
)
=
(
a b
c d
)
(16)
The characteristic polynomial of J
λ2 − (a+ d)λ+ ad− bc = 0 (17)
yields two eigenvalues λ1 and λ2 which can be proven to
be always real and of opposite sign. Consequently the ‘X-
point’ (u′ = u′X , v
′ = v′X) is a hyperbolic point.
The denominator G of Eqs. (14) is quadratic in terms
of u′, v′, while their numerator is linear. This implies that
the velocity of a trajectory tends to infinity at small dis-
tances from the nodal point. We can then approximate
locally the trajectory by a so called ‘adiabatic approxima-
tion’. This means to ‘freeze’ the time in the right hand side
only of Eqs. (14), treating the flow as nearly autonomous
for a small time interval around a given t (see [2] for a dis-
cussion a the error of this approximation). Then Eqs. (14)
take the form
du′
ds
= F1(u
′, v′; t),
dv′
ds
= F2(u
′, v′; t) (18)
where s represents now the time in a small interval around
t, while t itself is kept fixed. With the above approxima-
tion, Eqs. (18) allow to draw phase portraits yielding the
structure of the nodal point-X-point complex. Along the
eigendirections corresponding to the eigenvalues of Eq.(17)
the (linear) deviations ∆u′ and ∆v′ satisfy the relation(
a b
c d
)(
∆u′
∆v′
)
= λ
(
∆u′
∆v′
)
. Hence the eigenvector asso-
ciated with the eigenvalue λ has a slope ∆v
′
∆u′ =
λ−a
b
. By
taking many initial values of ∆u′,∆v′ (of order 10−5), and
integrating (18), we then find the asymptotic curves, i.e.
the invariant manifolds from the X-point.
Figure 2 shows an example of nodal point-X-point com-
plex in our model for t = 4. The dashed curves show more
trajectories of (18) besides the asymptotic curves (red and
blue ones). Most of them pass above or below the nodal
point X-point complex. Only a few trajectories (those
starting between the two blue lines on the left) enter in the
region between the nodal point and the X-point. However,
Figure 2: The stable and unstable asymptotic curves from the X-
point (blue and red respectively) for t = 4 and x′
3
= 4.23 (continuous
lines). One unstable asympotic curve spirals around the nodal point
and tends to it asymptotically. More trajectories are shown (for
other initial conditions) by dashed lines.
the form of the nodal point-Xpoint complex changes with
time. In particular, for some times the asymptotic curves
that approach the nodal point are stable, while for other
times they are unstable. A transition from the first to
the second case is shown in Figs 3a-3c. This behavior is
characteristic of the local form of the quantum flow after
a ‘Hopf bifurcation’ as discussed in figure (4) of Ref. [2].
Trajectories: We now discuss the behavior of the tra-
jectories near and far from a nodal point-X-point complex.
Figure 4a shows a trajectory (blue) starting at a point
close to the nodal point of Fig. 1a and integrated numeri-
cally with the exact equations of motion (7) for t = [1, 100].
The trajectory drifts on the sphereR = 4.23, while it forms
several loops on this surface. The moving nodal point on
the same surface coincides initially with the guiding cen-
ter of this motion and remains so up to a time t ≃ 7.4.
Beyond that time the form of the trajectory changes dras-
tically. The trajectory forms now a box-like motion on
the surface of the sphere. Comparing with Fig.1b, we see
that the trajectory abandons the neighbourhood of the
nodal point when the nodal point accelerates significantly
(a) (b) (c)
Figure 3: Time evolution of the nodal point-X-point complex around
the nodal point at (x′
3
= 5), in a case where the manifold approaching
the nodal point from the corresponding X-point turns from stable at
t = 9.52 (a) to unstable at t = 9.6 (c). The transition is made at the
time t = 9.5586 when the two manifolds coincide around the nodal
point (b).
4
(a) (b)
Figure 4: (a) A chaotic Bohmian trajectory starting at a distance
4.23 from (0, 0, 0,) for t = 1 . . . 100. The trajectory forms a ribbon
(blue) around the trajectory of the nodal point (red) up to t = 7.4.
Then the trajectory deviates from the one of the nodal point and
is trapped in a certain region of the same sphere. (b) A trajectory
starting away from the nodal lines for t = 1 . . . 100. This trajectory
is ordered.
(a) (b)
Figure 5: (a) Bohmian trajectories for t ∈ [1, 10], which start close
(at distance d = 0.1) to various nodal points at t = 1, for different
distances R from the origin, namely R = 0.2, 1.2, 2.2, 3.2 and 4.2.
(b) Bohmian trajectories starting close to the same nodal point but
at different distances from it. Namely d = 0.1 (crimson), d = 0.25
(blue) and d = 0.3 (black). Loops around the nodal point disappear
faster as d increases.
(Fig. 1b). On the other hand, orbits starting far from the
nodal point X-point complex form boxes on the surface of
a sphere without exhibiting chaotic behavior (Fig. 4b).
Figure 5a shows five trajectories that start at different
distances R from the origin but at the same distance from
the corresponding nodal point. All these orbits form loops
around the respective nodal points up to a certain time.
In fact, as the distance from the origin increases, the time
needed for the trajectory to start derailing from the motion
of the nodal line decreases. Similarly, Fig. 5b shows three
trajectories that start close to the same nodal point but
at different distances from it. Then, for a smaller distance
from the nodal point we get a longer time for the trajectory
to get derailed.
3d nodal point-X-point structures and the emergence of
chaos: The nodal point-X-point complexes in our model
Figure 6: The foliation of nodal point -X-point complexes at t = 4
forms a cylindrical structure around the nodal line (green).
are 2-d structures of the quantum flow, parameterized by
the radius R of the sphere upon which the considered nodal
point moves. However, the foliation of all the planes or-
thogonal to a nodal line, for different R, forms a 3-d struc-
ture containing the union of all nodal point-X-point com-
plexes. This, we hereafter call the ‘3-d structure of nodal
and X-points’. An example of such a 3-d structure is shown
in Fig. 6. Along the structure, the complexes are aligned
to each other in parallel layers.
The chaotic behavior of trajectories as those given above
can now be shown to be due to their scattering by the 3-d
structure of nodal and X-points. As an indicator of chaos,
we use the Lyapunov Characteristic Number (LCN). Let ξk
be the length of the deviation vector between two nearby
trajectories at the time t = kτ, k = 1, 2, . . . The stretch-
ing number [25] is defined as
ak = ln
(ξk+1
ξk
)
(19)
and the finite time LCN is given by the equation:
χ =
1
kτ
k∑
i=1
ln ai. (20)
The LCN is the limit of χ when k → ∞. Figure 7 shows
an example of a trajectory with an abrupt jump of the
stretching number at t ≃ 2 (red curve). The black curve
represents the cumulative stretching number acum for the
same time length, which shows the effect of the jump on
the stretching number in the long run. The cumulative
value after the end of the event (t = 6) is stabilized to
a positive value. Furthermore, the distance between the
X-point and the trajectory becomes minimum at the time
of the jump t = tjump ≃ 2. Several such jumps are ob-
served later, and the trajectory eventually stabilizes at a
positive value of the LCN, i.e. becomes chaotic. Thus,
the scattering by X-points is responsible for chaos in these
trajectories.
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Figure 7: Local chaotic scattering of a trajectory by an X-point
(initial conditions x1(0) = −1.5, x2(0) = 2, x3(0) = −2). We also
compute its deviation vector by numerically solving the variational
equations (initial conditions δx1(0) = 0, δx2(0) = 0, δx3(0) = 1).
The three curves show the value of the stretching number (red),
cumulative stretching number (blue) and distance from the X-point
(black) as functions of time. All three curves show a sudden jump
at t ≃ 2, which marks the scattering event. The stretching number
is computed with τ = 1/100.
3. Chaotic 3d Diffusion
Our results so far are based on a choice of wavefunc-
tion which simplifies both the 3d structure of the nodal
point-X-point complexes and the shape of the Bohmian
trajectories. Such a choice can serve as the leading ap-
proximation for more complex cases, where a small extra
term added in the wavefunction leads to a disturbed form
of the nodal point-X-point complexes as well as their re-
sulting ‘3d structure of nodal and X-points’.
As an example, consider the perturbed wavefunction
Ψ =a1Ψ1,0,0 + a2Ψ0,1,0 + a3Ψ0,0,1 + a4Ψ0,0,2 (21)
where a4 is chosen small. We hereafter set a1 = 1/
√
3, a2 =
1/
√
3 and a3 =
√
1− |a1|2 − |a2|2 − |a4|2.
An exact computation of the 3-d structure of nodal
and X-points using this specific wavefunction (21) is com-
putationally very difficult1. Nevertheless, we can assume
that for a4 small, this structure will not be very different
from that of the unperturbed case (Fig. 6). In Fig. 8a the
latter structure is plotted in the background, along with a
chaotic trajectory of (21) for a4 = 0.05. For the perturbed
trajectory, the chaotic scattering effects still occur near
the X-points. In particular, the trajectory (green curve,
for t ∈ [0, 100]) wanders chaotically in the configuration
space, its scattering with the ‘3-d structure of nodal and
X-points’ taking now place at different distances R from
the origin.
1Besides the need to find numerically the roots of Eqs. (9) in every
time step, in order to compute the X-points, one needs to compute
also numerically the foliation of the locally orthogonal surfaces of
[23] along the whole nodal line at every time.
(a) (b)
(c) (d)
Figure 8: (a) A chaotic Bohmian trajectory (green curve) in
the model (21) with a = 0.05 and initial conditions x1(4) =
2.2194, x2(4) = −.4062, x3(4) = 2.3109. The trajectory is shown
in the coordinates (x′
1
, x′
2
, x′
3
) of Eqs. (11). The dashed green line
shows the nodal line and the three red-blue curves indicate the man-
ifolds illustrating the corresponding nodal point-X-point structure.
The squares indicate the X-line. (b) Variation of the distance R(t)
from the origin for the trajectory of (a). (c) A local scattering event
(stretching number a(t)) around the value t = 4 for the same trajec-
tory. The stretching number is computed with τ = 1/100. (d) De-
pendence of the maximum jump ∆Rmax in the interval 0 ≤ t ≤ 100
on the perturbation a4.
The diffusion can be depicted by showing the time vari-
ation of the distance R, which now exhibits chaotic vari-
ations due to the perturbation a4 6= 0 (Fig. 8b). Careful
inspection reveals that the chaotic variations are correlated
with scattering events due to close approach to various X-
points of the 3-d structure. In particular, the local jump of
the stretching number (Fig. 8c) at a scattering event has
a profile quite similar to the one of the unperturbed case
(red curve in Fig. 7). Furthermore, we can probe numeri-
cally the speed of the chaotic diffusion as a function of the
perturbation a4. Fig. 8d shows how the maximum jump
∆Rmax of the variation curve of R (as in Fig. 8b) varies
with a4. We find an approximate power law ∆Rmax ∼ ap4
in the range 0 < a4 < 0.2 with p ≃ 1.
4. Conclusions
In this letter we propose a mechanism responsible for
the generation of chaos in the Bohmian trajectories of 3-d
quantum systems. Our main results are the following:
6
1. We give numerical (non-schematic) examples of the
3-d structure of the quantum flow close to nodal points
delineated along nodal curves, as discussed already the-
oretically in [23]. To this end, we employ a simple 3-d
quantum model described by Eqs.(3-6). When we pass
to a moving frame of reference attached to each nodal
point, we find that the quantum flow in a surface locally
orthogonal to the nodal curve contains a second critical
point, whose character is always hyperbolic, thus forming
locally a ‘nodal point - X-point complex’. Such a com-
plex induces similar topological properties of the quantum
flow as those established theoretically in [2] for generic 2-d
quantum systems. Also, the union of all the nodal points,
along with the X-points and the latter’s stable and unsta-
ble manifolds, forms a foliation in 3-d space, here called
the ‘3-d structure of nodal and X-points’. This structure
complements in an essential way the ‘cylindrical structure’
of [23], by adding the X-points and their manifolds to it.
Here we only give numerical examples of it using a special
model. However, we propose the question of how generic
this structure is for future study.
2. We give several examples of numerically computed
Bohmian trajectories, both ordered and chaotic. The emer-
gence of chaos is connected with the interaction of the tra-
jectories with the 3-d structure of nodal and X-points. In
particular, the rise of the Lyapunov exponent is caused by
consecutive ‘scattering events’, taking place whenever a
trajectory approaches close to an X-point of the structure.
Thus, contrary to the conjecture of [23], chaos is possible
even when only one such structure is present in the model.
3. Genuine 3-d chaotic diffusion occurs in models not
subject to constraints of the Bohmian trajectories on in-
variant surfaces (as in Eq. (8)). In general, the approach of
a trajectory close to the X-line induces a local drift in the
direction along the 3-d structure of nodal and X-points.
In the example of the model (21) the speed of the drift
increases with the parameter a4, which acts as a perturba-
tion with respect to the model (6) in which no such drift
is possible.
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